Using the interpolation polynomial method, major upwind explicit advection-diffusion schemes of up to fifth-order accuracy are rederived and their properties are explored. The trend emerges that the higher the order of accuracy of an advection scheme, the easier is the task of scheme stabilization and wiggling suppression. Thus, for a certain range of the turbulent diffusion coefficient, the stability interval of third-and fifth-order up-upwind explicit schemes can be extended up to three units of the Courant number ð0 # c # 3Þ:
where u is the advecting velocity, d is the turbulent diffusion coefficient, x is the space coordinate and t is the time. A conservative control-volume form of Equation (1) Accuracy of the numerical solution can be improved by refining a computational grid or by increasing the order of accuracy of the advection term approximation. The grid refinement leads to an excessive usage of computational resources. Therefore for a prescribed global accuracy, higher-order methods are more computationally economical (Leonard 1984) .
The majority of popular explicit advection schemes are stable for 0 # c # 1; the restriction known as the CourantFriedrichs -Lewy or CFL condition (Courant et al. 1928) .
Implicit schemes can extend the stability interval beyond the CFL condition, but the obtained solution may suffer from high numerical diffusion, reducing efforts spent on implementation of the higher-order approximation. Explicit methods with added diffusion may be a good alternative to implicit algorithms, considering that explicit methods are less expensive per time-step of computation. One well known example of such a scheme is the QUICK algorithm (Leonard 1979) , which is unstable for a pure advection but is conditionally stable for the advection-diffusion case.
The significance of even-order upwind explicit schemes has been long underestimated. Studying high-order approximations, Leonard (1984) in particular stated that, since second-(and forth-) order accuracy upwind methods are too dispersive, and since fifth-and higher-order methods are excessively complex, the third-order upwinding (QUICKEST algorithm) forms a rational basis for Computational Fluid Dynamics (CFD). One important property was not fully considered in the statement, but discussed by Leonard (2002) much later, namely even-order schemes have a two times wider stability interval than odd-order ones. Thus, the well known explicit second-order upwinding (Warming & Beam 1976 ) is stable at the extended interval 0 # c # 2:
Higher-(than first-)order advection schemes provide a non-monotonic solution having unphysical oscillations (wiggling) in the vicinity of sharp gradients of the transported scalar f. If the wiggling is not severe, the diffusion term or intentionally added numerical diffusion may effectively smooth out and/or stabilize the high-order approximation. This is especially useful for water quality problems, where the value of the turbulent diffusion coefficient d can be quite high.
In other cases, certain modifications to the original highorder scheme can be made (the so-called flux limiters (Boris & Book 1973; Van Leer 1974; Zalesak 1979) ), suppressing spurious oscillations without corrupting the expected accuracy of the underlying method. At the present time, due to the research of Roe (1986) , Leonard & Mokhtari (1990) , Li & Rudman (1995) and many others, application of flux limiters is becoming common. Flux limiters perform as efficient in combination with even-order approximations as they do with odd-order schemes.
The introduction can be summarized as follows. Since lower-than-third-order-accuracy schemes are too inaccurate for the transport processes, and since fourth-order schemes have wider stability intervals than third-order ones, and since fifth-and higher-order upwind methods are excessively complex, and since the compulsory diffusion term is smoothing out and stabilizing the solution, and since optional flux limiters are equally effective for odd and even high-order schemes, and since explicit methods are more effective than implicit per time-step of computation, one can conclude that: fourth-order upwind explicit schemes have a potential to stand among the popular advection algorithms of computational hydraulics. This paper reviews major upwind explicit schemes for accurate simulation of advection and diffusion. The basics of the numerical method's derivation using polynomial approximations are elaborated. Schemes of up to fifth-order accuracy are rederived, their hierarchical linkage is established and stability patterns and trends are analyzed.
Application of diffusion approximations may help to improve the stability and dispersion properties of advection schemes.
The trend emerges that the higher the order of accuracy of an advection approximation, the easier is the task of scheme stabilization. Thus, a stability interval of third-and fifth-order up-upwind explicit schemes can be extended for up to three 
DERIVATION OF NUMERICAL SCHEMES USING THE POLYNOMIAL APPROXIMATION
To remain within the finite-volume approach (2), one can apply the flux integral method, as in Leonard et al. (1995) , to obtain scalar values and gradients (and respective "true" fluxes c r f r , c l f l and d r f (1995, 2002) . 
Advection term approximation
expressing the concept that any distribution at time-level t n is advected to time-level t nþ1 without changing its form.
The transported scalar f at the point (t n ,x i 2 uDt) is approximated using a piecewise interpolation polynomial 
A matrix form of Equation (5) 
Diffusion term approximation
The diffusion term in Equation (1) can be approximated numerically using a second x derivative of the transported scalar f (Equation (6) To satisfy the control volume form (2), the right-face diffusive flux has to follow
If values of the diffusion coefficient d are specified at the same nodes as the transported scalar f, one assumes
For first-degree polynomials any standard diffusion approximation can be applied, such as the Forward-Time-Central-Space (FTCS) scheme (Roache 1976) with the right-face flux
Stability analysis
It is instructive to obtain stability criteria of any newly developed numerical scheme. According to the von Neumann stability analysis, the solution of Equation (6) Computations are conducted to allow the initial profile to advect to the opposite side of the domain, where the final profile is compared with an exact solution, and the error measure is computed using the relationship
where f p is the exact solution and f is the numerical one.
HIERARCHY OF UPWIND NUMERICAL SCHEMES
In this section major upwind advection explicit schemes are rederived using the interpolation polynomials of up to fifth degree and a recursive hierarchy of the algorithms is established. The schemes are compared in Figure 2 and Table 1 For the first-degree polynomial (M ¼ 1 in Equation (4)) defined at the interval [x i21 , x i ] for u . 0, or at ½x i ; x iþ1 for u , 0, the first-order upwind update follows: 
and up-upwind
For the second-degree polynomial (M ¼ 2 in Equation (4)), two popular second-order methods follow, both belong to the class of Lax -Wendroff schemes (Lax & Wendroff 1960 1964 . The central differencing advection update at the nodes ðx i21 ; x i ; x iþ1 Þ is given by Leith (1965) as
Similarly, using nodes ðx i22s ; x i2s ; x i Þ the second-order upwinding follows
The schemes (10) and (11) The third-degree polynomial (4) at nodes ðx i22s ; x i2s ; x i ;
x iþs Þ leads to the upwind scheme (3UP) known also as the QUICKEST (Leonard 1979) :
The same order polynomial at nodes ðx i23s ;x i22s ;x i2s ;x i Þ yields the up-upwind scheme:
The third-order advection schemes (12) and (13) are stable at (single grid-cell) intervals [x i2s , x i ] and ½x i22s ;x i2s ; leading to the stability conditions 0#c#1 and 1#c#2; respectively ( Figure 3(b) ).
The fourth-degree polynomial (M ¼ 4 in Equation (4)) yields the fourth-order upwinding scheme:
The scheme (14) is stable at the two-grid-cell interval [x i22s , 
In spite of the complex appearance, the reviewed schemes Analyzing the derived advection approximations, one may notice that higher-order schemes can be expressed via a linear combination of two lower-order ones. Thus, the second-order central scheme becomes
and the second-order upwinding is
A similar dependence is valid for the third-order schemes, i.e.
and
For the particular case of g ¼ 0.5, a consideration similar to Equation (16) was used by Fromm (1968) to derive his "zeroaverage phase error" method. Observing that the central scheme 2CN has a predominantly lagging phase error at the interval 0 # c # 1 and the upwinding 2UP has a leading error at the same interval, the author merged the two methods to obtain a provisionally third-order scheme having improved dispersion behavior. Interestingly, Equation (16) represents an alternative interpretation of the QUICKEST algorithm as being a convex combination of two second-order schemes.
Expressing Equation (14) as a linear combination of two third-order schemes, one gets
Following the developed recursive routine, upwind algorithms are extendable to higher and higher order, with an arbitrary (M þ 1)th-order scheme being a linear interpolation of two Mth-order ones as
Equation (18) offers a simple derivation technique for arbitrary-order advection schemes.
COURANT-NUMBER-EQUAL-TO-OR-LESS-THAN-ONE CONDITION
The original CFL condition (Courant et al. 1928 
INFLUENCE OF DIFFUSIVITY ON THE SCHEME STABILITY
Analyzing the amplification factor plots for different schemes in Figures 3 and 4 , it is clear that, as the order of accuracy increases, a maximal value of jGj tends down towards unity; or, as one might say, the instability becomes "weaker". Therefore, the higher the order of the scheme, the easier is the task of scheme stabilization. Explicitly added physical or numerical diffusivity is a common way to improve the stability. QUICK (Leonard 1979 ) is the well known example of such a scheme: it is unstable for a pure advection and is conditionally stable if the parabolic term is present. Although the majority of admixture transport problems in water bodies contain the diffusion term to account for molecular and turbulent diffusion, the magnitude of the diffusion coefficient may not be sufficient to stabilize an unstable advection scheme. In such cases, one usually is advised to use an implicit advection scheme instead of explicit, even though implicit algorithms are less efficient than a single-node computation. Increasing the time-step seems to make implicit algorithms more efficient than explicit, but the schemes may suffer loss of accuracy, which deteriorates rapidly once the departure point separates from the computational stencil. This is due to an inefficient approximation of the transported scalar using values from two time-levels. According to the evaluation of Roache (1992) for the first-order upwinding, when the time- The third-order up-upwind scheme (3UU, Equation (13)) is a good object to demonstrate such a development.
The scheme seems to be impractical due to the unconventional stability criterion, 1 # c # 2 (see Figure 3(b) ).
Taking into account that the instability is relatively "weak" jðjGj max ¼ 1:188Þ at the intervals 0 # c # 1 and 2 # c # 3; there is a possibility of making the scheme stable for the entire range 0 # c # 3 by adding some explicit physical diffusivity. For the exploratory purpose the simplest (FTCS) diffusion scheme is used:
which is stable for 0 # d # 0:5: Here, the symbol " p "
indicates an intermediate scalar value at the new time-level.
After simplifying the notation of expression (13) as
Equation (19) has to be substituted into Equation (20) to yield the combined advection -diffusion scheme: Recalling that the instability is "weakening" when an order of approximation is increasing (Figure 3) , it is expected that the fifth-order up-upwind scheme (15) may become stable at a wider range of the diffusion coefficient.
Indeed, the maximum of the amplification factor modulus for the algorithm (15) 
MIXED-ORDER ADVECTION SCHEMES
Generalizing features of the advection algorithms con- 
Second-Order Reduced Dispersion (SORD) scheme
It is possible to extend the derivation technique (Equation (18)) to the development of marching schemes, also known as Alternating Direction Explicit (ADE) methods (Roache 1976) . Consider application of the semi-Lagrangian technique for the case of a Courant number greater than one (as in Figure 8) :
where T(b) is the piecewise interpolation polynomial and b ¼ ðt 2 t n Þ=Dt is the normalized local coordinate. At the
] a first-degree polynomial can be defined as
The local coordinate b is determined from simple geometrical considerations as b ¼ ðc 2 1Þ=c for c $ 1. Substitution of Equation (22) into (21) leads to the first-order upwind marching (1UM) scheme
stable at 1 # c # 1: Similar to the established procedure (18), interpolation between the two first-order upwind polynomials, 1UP (Equation (9)) and 1UM (Equation (23)), leads to a higher-order marching algorithm (tagged as the Second-Order Reduced Dispersion, SORD):
where the parameter n ð0 # n # 1Þ controls the accuracy and phase behavior of the scheme. For n ¼ 1 the scheme reduces to the second-order accurate box method (Noye 1986) ; other cases ð0 # n , 1Þ lead to a more diffusive algorithm. Using the relationships (9) and (23), Equation (24) yields
A stability condition for SORD is found to be c # 1 þ 2ð1 2 nÞ 21=2 : The criterion shows unconditional stability for n ¼ 1, and is limited to c # 3 for n ¼ 0. The amplification factor for different values of c and n are plotted in Figure 9 .
Using the test case, SORD is compared with other well known schemes in Figure 10 and Table 1 
The modulus of the amplification factor (Figure 11 ) suggests that the pure advection FORD is stable for 0 # c # 2 and has a zone of "weak" instability at 2 , c # 2:6: Performance of some advective high-order schemes is shown in Figures   12 and 13 and Table 2 for different Courant numbers. Figure   14(a) ). In fact, the diffusive term is almost as effective for wiggle suppression as the flux limiter of Leonard & Niknafs (1990) (Figure 14(b) and Table 2 ). If wiggles are suppressed, the error measure of FORD (1 ¼ 0.0494) is just slightly higher that that of the fourth-order upwinding 4UP (1 ¼ 0.0488), both leaving behind the third-order schemes (1 ¼ 0.0727).
Generally, computational tests show that the higher the order of schemes, the easier is the task of oscillation suppression and algorithm stabilization.
CONCLUSIONS
Employing the interpolation polynomial method, major high-order upwind advection-diffusion schemes are rederived and the recursive relationship (18) for an arbitrary-order advection scheme is established. Even though the third-order upwinding (QUICKEST) was once introduced as a rational basis for CFD, some features of the fourth-order upwinding (Equation (14)) appeal for attention. The main advantage of the scheme is the extended stability condition, with the local Courant number ranging from 0 # c # 2 for a pure advection.
It was thought that the major drawback of the fourth-order upwinding is in spurious oscillations, which generally are more severe for even-order schemes than for odd-order ones.
It is shown in this paper that, if the diffusion term is present, the wiggles are smoothed out effectively even with a small value of the diffusion coefficient. Moreover, the large diffusivity may extend the stability range of some explicit high-order advection-diffusion schemes up to three units of the Courant number. For a pure advection, application of flux limiters is effective for wiggling suppression of (odd-or even-)
high-order schemes. Generally, the higher the order of approximation, the easier is the task of scheme stabilization and oscillation elimination.
Stemming from the finding that higher-order schemes can be obtained from two lower-order methods using the recursive equation (18), manipulation with the interpolation variable offers a straightforward derivation technique of a new class of mixed-order schemes. Such schemes may inherit an extended stability range of even-order methods and improved dispersion behavior of odd-order ones. Two newly developed mixed-order schemes SORD (Equation (25)) and FORD (Equation (26)) demonstrate the desired qualities. The fourth-order upwind schemes (Equations (14) and (26) 
